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MODULI SPACES OF (G, h)–CONSTELLATIONS
TANJA BECKER AND RONAN TERPEREAU
Abstract. Given an infinite reductive group G acting on an affine scheme X
over C and a Hilbert function h : IrrG → N0, we construct the moduli space
Mθ(X) of θ–stable (G,h)–constellations on X, which is a generalization of the
invariant Hilbert scheme after Alexeev and Brion [AB05] and an analogue of
the moduli space of θ–stable G–constellations for finite groups G introduced
by Craw and Ishii [CI04]. Our construction of a morphism Mθ(X) → X//G
makes this moduli space a candidate for a resolution of singularities of the
quotient X//G.
Introduction
In the study of the action of a reductive groupG on an affine scheme of finite type
X , see [Bec10, Ter14a, Ter14b], we observed many situations where the quotient
X//G has at least two different resolutions of singularities Y1 → X//G, Y2 → X//G,
which are dominated by a third one Z → X//G, for instance as a flop:
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This is for example the case for the action of Sl2 on (C
2)⊕6 by multiplication
from the left and on its subscheme µ−1(0) defined as the zero fibre of the mo-
ment map of the action. Exploring this example further, in [Bec11a] we found
out that in this case the resolution Z is given as an invariant Hilbert scheme
Z = Sl2 -Hilb(µ
−1(0)). For other similar examples with classical groups acting
on µ−1(0), see [Ter14b], and for examples with classical groups acting on classical
representations, see [Ter14a]. In [CI04], Craw and Ishii examine this phenomenon
for finite groups by introducing the notion of a G–constellation on Cn and a certain
stability condition θ on them and by constructing the moduli space Mθ of θ–stable
G–constellations. For a finite abelian group G ⊂ Sl3(C) they show that every
projective crepant resolution of C3/G can be obtained as such a moduli space.
Further, choosing θ appropriately they recover Ito and Nakamura’s G–Hilbert
scheme [IN96, IN99, Nak01].
In this article, we define similar concepts in the case of infinite reductive groups
acting on affine schemes of finite type and we construct the moduli spaceMθ(X) of
θ–stable (G, h)–constellations, where the map h : IrrG → N0 replaces the regular
representation occurring in [CI04]. Let us denote by ρ0 the trivial representation of
G. If h(ρ0) = 1, then for a special choice of θ we recover Alexeev and Brion’s invari-
ant Hilbert scheme [AB04, AB05, Bri11]. Thus, Mθ(X) is a generalization of the
invariant Hilbert scheme and an analogue of the moduli space of G–constellations,
which in turn both generalize the G–Hilbert scheme:
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Given a finite group G acting on X , the G–Hilbert scheme parametrizes
G–clusters, i.e. G–invariant subschemes Z of X such that H0(OZ) is isomorphic
to the regular representation R of G. The notion of G–constellation introduced in
[CI04] generalizes this concept when X = Cn: a G–constellation is a G–equivariant
coherent OX–module with isotypic decomposition isomorphic to R. Such a G–con-
stellation F is θ–stable for some θ ∈ Hom
N
(R(G),Q), where R(G) is the represen-
tation monoid of G, if θ(F) = 0 and if for every non–zero proper G–equivariant
coherent subsheaf 0 6= F ′ ( F one has θ(F ′) > 0. In this situation, Craw and Ishii
construct the moduli spaceMθ of θ–stable G–constellations as the GIT–quotient of
the space of quiver representations associated to G by the group of G–equivariant
automorphisms of R as described by King in [Kin94]. For a special choice of θ they
recover Mθ = G -Hilb(X).
A second generalization of the G–Hilbert scheme was established by Alexeev
and Brion. Fix a complex reductive group G, an affine G–scheme of finite type
X , and a map h : IrrG → N0 on the set IrrG = {ρ : G → Gl(Vρ)} of isomor-
phy classes of irreducible representations of G. In [AB04, AB05], the authors de-
fine the invariant Hilbert scheme HilbGh (X), whose closed points parametrize all
G–invariant subschemes of X whose coordinate rings have isotypic decomposition
isomorphic to
⊕
ρ∈IrrGC
h(ρ) ⊗
C
Vρ, or equivalently all quotients OX/I, where I
is an ideal sheaf in OX , with this prescribed isotypic decomposition.
Our contribution to these constructions of moduli spaces is to unify the ideas of
[CI04] and [AB04, AB05]: For an infinite complex reductive group G, an affine G–
scheme of finite type X and a map h : IrrG→ N0, we define a (G, h)–constellation
as a G–equivariant coherent OX–module with isotypic decomposition given by h as
above. Then we introduce θ–stability similarly to the case of G–constellations. This
stability condition is more delicate than the one of Craw and Ishii since it involves
infinitely many parameters. We locate finitely many of them which control the
others whenever θ has finitely many negative values. Then we construct the moduli
space of θ–stable (G, h)–constellations by means of geometric invariant theory and
invariant Quot schemes in a parallel way to the construction of the moduli space of
stable vector bundles of Simpson [Sim94]. As a generalization of the Hilbert–Chow
morphism we moreover construct a morphism Mθ(X)→ X//G when h(ρ0) = 1 for
ρ0 the trivial representation. Further studies of Mθ(X) have to be made in order
to decide in which cases this morphism gives a resolution of singularities.
This article is structured as follows: In Section 1 we set up our framework
by introducing the notions of (G, h)–constellation, θ–semistability and θ–stability
similarly to the case of G–constellations and by defining the corresponding moduli
functors Mθ(X) and Mθ(X). Assuming θ ∈ HomN(R(G),Q) has only finitely
many negative values, we show that every θ–stable (G, h)–constellation is generated
as an OX–module by its components indexed by a certain finite subset D− ⊂ IrrG,
so that each θ–stable (G, h)–constellation is a quotient of a fixed coherent sheaf H
and hence an element of the invariant Quot scheme QuotG(H, h). With a slightly
more restrictive choice of θ, the same holds for θ–semistability. At the end of this
section we show that if h(ρ0) = 1 and θρ0 is the only negative value of θ, then the
moduli functor Mθ(X) equals the Hilbert functor Hilb
G
h (X).
In Section 2 we deal with the geometric invariant theory of the invariant Quot
scheme QuotG(H, h) in order to construct the moduli space of (G, h)–constellations
as its GIT–quotient: The invariant Quot scheme is equipped with a certain ample
line bundle L coming from an embedding into a product of Grassmannians as estab-
lished in Subsection 2.1. Considering the gauge group Γ, we examine GIT–stability
and GIT–semistability on QuotG(H, h) with respect to the induced linearization on
L twisted by a certain character χ. Thus, on the set of GIT–semistable quotients
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QuotG(H, h)ss we obtain the categorical quotient QuotG(H, h)ss//LχΓ, which turns
out to be a moduli space of GIT–semistable (G, h)–constellations in Section 4.
In Section 3 we establish a correspondence of (G, h)–constellations and G–equi-
variant quotients [q : H ։ F ] ∈ QuotG(H, h) and a correspondence of their re-
spective subobjects. This allows us to introduce another (semi)stability condition
θ˜ which is equivalent to GIT–(semi)stability but resembles very much θ–(semi)-
stability. We show that if F is θ–stable, then it is also θ˜–stable and hence any
corresponding point [q : H ։ F ] in QuotG(H, h) is GIT–stable. This allows us to
realize the functorMθ(X) of flat families of θ–stable (G, h)–constellations as a sub-
functor of the functorMχ,κ(X) of flat families of GIT–stable (G, h)–constellations.
The same does not work forMθ(X) and semistability. This shows that the passage
from finite to infinite groups is a profound issue.
In Section 4 we consider properties of these functors. First we prove that θ–
stability is open in flat families. From this fact we deduce that QuotG(H, h)sθ is
an open subscheme of QuotG(H, h)s and hence a quasiprojective scheme. Then we
show that the functors Mχ,κ(X) and Mχ,κ(X) are corepresented by the schemes
QuotG(H, h)ss//LχΓ and Quot
G(H, h)s/Γ, respectively. Denoting by QuotG(H, h)sθ
the set of θ–stable elements in QuotG(H, h), we also show that Mθ(X) is corepre-
sented by the scheme QuotG(H, h)sθ/Γ. We call
Mθ(X) := Quot
G(H, h)sθ/Γ
the moduli space of θ–stable (G, h)–constellations. We define the schemeMθ(X) as
the closure ofMθ(X) in Quot
G(H, h)ss//LχΓ. Finally, when h(ρ0) = 1 we construct
a morphism fromMθ(X) to the quotient X//G corresponding to the Hilbert–Chow
morphism.
In the outlook (Section 5) we discuss some further aspects of the moduli spaces
Mθ(X) and Mθ(X), which are worth pursuing in the future.
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1. (G, h)–constellations
To begin we adapt the notion of G–constellation, originally introduced by Craw
and Ishii in [CI04] for finite groups, to the case of infinite reductive groups. In our
definition we replace the isotypic decomposition of the regular representation by
an isotypic decomposition given by a prescribed Hilbert function h. Further, we
adapt Craw and Ishii’s notion of θ–stability and θ–semistability and we introduce
the moduli functors Mθ(X) and Mθ(X) of θ–stable and θ–semistable (G, h)–con-
stellations, respectively. Then in Section 1.2 we show that θ–semistable (G, h)–
constellations satisfy a certain finiteness condition. Afterwards, we examine flat
families of (G, h)–constellations and reduce the verification of the θ–(semi)stability
condition to finitely many subsheaves only. The aim is to construct a moduli space
4 TANJA BECKER AND RONAN TERPEREAU
of θ–stable (G, h)–constellations representing Mθ(X), which, for a special choice
of θ, recovers the invariant Hilbert scheme. Indeed, in Section 1.3 we show that if
h(ρ0) = 1 and θ is chosen appropriately, then Mθ(X) coincides with the invariant
Hilbert functor.
1.1. Definitions. We fix an infinite reductive group G, an affine G–scheme of
finite type X and a Hilbert function h : IrrG → N0, where IrrG denotes the set
of isomorphy classes of irreducible representations ρ : G → Gl(Vρ). Throughout
this article, we consider schemes and algebraic groups over the field of complex
numbers C. Unless explicitly mentioned, schemes are assumed to be noetherian
and G–modules are assumed to be rational.
Definition 1.1.
(1) Let Rh :=
⊕
ρ∈IrrGC
h(ρ) ⊗
C
Vρ be the G–module with multiplicities given
by h. A (G, h)–constellation on X is a G–equivariant coherent OX–module
F such that H0(F) is isomorphic to Rh as a representation of G. In other
wordsH0(F) is aH0(OX)–module of finite type equipped with a G–module
structure such that H0(F) ∼= Rh and
∀g ∈ G, ∀f ∈ H0(OX), ∀m ∈ H
0(F), g.(f.m) = (g.f).(g.m).
(2) Given a scheme S, a family of (G, h)–constellations over S is a coher-
ent sheaf F on a family of affine G–schemes X over S in the sense of
[AB05, Definition 1.1], i.e. on a scheme X equipped with an action of G
and an affine G–invariant morphism X → S of finite type, such that the
restrictions F (s) = F |X (s) are (G, h)–constellations on the fibres X (s) :=
X ×S Spec(k(s)).
We would like to represent the functor that assigns to a scheme S the set of
families of (G, h)–constellations on the scheme X . In general, the set of (G, h)–con-
stellations on X is too large to be parametrized by a scheme. Hence, to construct
a moduli space of these objects, we restrict ourselves to (G, h)–constellations sat-
isfying a certain stability condition θ ∈ QIrrG where θρ < 0 for only finitely many
ρ ∈ IrrG. This induces a decomposition
(1) IrrG = D+ ∪D0 ∪D− such that θρ


> 0, ρ ∈ D+,
= 0, ρ ∈ D0,
< 0, ρ ∈ D−.
By the assumption on θ, the set D− is finite and will always be finite along this
paper. To define the θ–stability condition, we first need to associate to θ a function
on the representation monoid R(G) =
⊕
ρ∈IrrGN ·ρ and on the category Coh
G(X)
of G–equivariant coherent OX–modules:
Definition 1.2. If θ ∈ QIrrG with θρ < 0 for only finitely many ρ ∈ IrrG, we
define a function θ : R(G)→ R ∪ {∞} by
θ(W ) := 〈θ, hW 〉 :=
∑
ρ∈IrrG
θρ · dimWρ
where W =
⊕
ρ∈IrrGWρ ⊗C Vρ is the isotypic decomposition of W .
In order to consider θ as a function θ : CohG(X)→ R ∪ {∞} we set
θ(F) := θ(H0(F)) =
∑
ρ∈IrrG
θρ · dimFρ
where Fρ := Hom
G(Vρ, H
0(F)), and H0(F) =
⊕
ρ∈IrrGFρ ⊗C Vρ is the isotypic
decomposition of H0(F). In particular, if F is a (G, h)–constellation, then we have
θ(F) =
∑
ρ∈IrrG θρh(ρ).
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A consequence of the finiteness of D− is that the series
∑
ρ∈IrrG θρh(ρ) is con-
vergent if and only if the series
∑
ρ∈D+
θρh(ρ) is convergent.
Definition 1.3. If a (G, h)–constellation F on X is generated by
⊕
ρ∈D−
Fρ⊗CVρ
as an OX–module, we say that F is generated in D−.
We are now in the position to define the stability condition we need on (G, h)–
constellations:
Definition 1.4. A (G, h)–constellation F is called θ–semistable if θ(F) = 0 and
if for all G–equivariant coherent subsheaves F ′ ⊂ F generated in D− we have
θ(F ′) ≥ 0. Moreover, F is called θ–stable if θ(F) = 0 and if for all non–zero
proper G–equivariant coherent subsheaves 0 6= F ′ ( F generated in D− we have
θ(F ′) > 0.
For the reader’s convenience, we replace the similar conditions for stability and
semistability by setting everything concerning semistability in parentheses and we
introduce the symbol “≥
( )
”: A (G, h)–constellation F is called θ–(semi)stable if
θ(F) = 0 and if for all non–zero proper G–equivariant coherent subsheaves F ′ ⊂ F
generated in D− we have θ(F
′)≥
( )
0. In the same way, “≤
( )
” stands for “≤” in the
case of semistability and “<” in the case of stability.
In a former version of this article the definition of θ–(semi)stability required
θ(F ′)≥
( )
0 for all G–equivariant coherent subsheaves F ′ ⊂ F exactly as in the case
of finite groups ([CI04, §2.1]). This condition turned out not to work in some proofs
so that it had to be modified. The difference lies in those G–equivariant coher-
ent sheaves F containing G–equivariant coherent subsheaves generated in positive
parts.
Remark 1.5. Every G–equivariant subsheaf F ′ of F induces a G–equivariant quo-
tient F ′′ := F/F ′ of F . Conversely, every G–equivariant quotient α : F ։ F ′′
induces a G–equivariant subsheaf F ′ := kerα of F . In both cases the correspond-
ing Hilbert functions satisfy hF ′ + hF ′′ = h, so that θ(F) = θ(F
′) + θ(F ′′). Thus a
(G, h)–constellation F is θ–(semi)stable if and only if θ(F) = 0 and for all non-zero
proper G–equivariant quotients F ։ F ′′ whose kernel is generated in D− we have
θ(F ′′)≤
( )
0.
Since θ(F) is supposed to be 0 for any θ—semistable (G, h)–constellation F ,
the values of θ have to be chosen such that 〈θ, h〉 = 0. In particular, the series∑
ρ∈IrrG θρh(ρ) is convergent.
If θ = 0 or at least θρ = 0 whenever h(ρ) 6= 0, then every (G, h)–constellation
is θ–semistable, but the only θ–stable (G, h)–constellations are those having no
G–equivariant subsheaves generated in D− different from 0 and themselves. This
case is not of any interest to us. To avoid this, in the following we will always
assume that D− ∩ supph and D+ ∩ supph are non–empty.
Moreover, we will always assume that θρ = 0 whenever h(ρ) = 0. This assump-
tion will simplify the computations in Subsection 3.3 and is not restrictive at all
since we always consider the product θρh(ρ) or θρh
′(ρ) (with h′(ρ) ≤ h(ρ)) in our
calculations.
Now we define the moduli functors that we will consider in the following:
Definition 1.6. The moduli functor of θ–semistable (G, h)–constellations on X is
Mθ(X) : (Sch/C)
op
→ (Set)
S 7→ {F an S–flat family of θ–semistable (G, h)–constellations on X × S}/∼=,
(f : S′ → S) 7→
(
Mθ(X)(S)→Mθ(X)(S
′),F 7→ (idX ×f)
∗
F
)
.
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The moduli functor of θ–stable (G, h)–constellations on X is
Mθ(X) : (Sch/C)
op
→ (Set)
S 7→ {F an S–flat family of θ–stable (G, h)–constellations on X × S}/∼=,
(f : S′ → S) 7→
(
Mθ(X)(S)→Mθ(X)(S
′),F 7→ (idX ×f)
∗
F
)
.
1.2. Finiteness. Our strategy to construct the moduli space Mθ(X) of θ–stable
(G, h)–constel-lations is to show that all θ–stable (G, h)–constellations are quotients
of a certain G–equivariant coherent OX–module H and to obtain our moduli space
by considering the invariant Quot scheme QuotG(H, h) and its GIT–quotient.
In Theorem 1.7 we will see that θ–stable (G, h)–constellations are controlled by
their isotypic components in D− = {ρ ∈ IrrG | θρ < 0}. As D− is finite this means
that all θ–stable (G, h)–constellations are generated by finitely many irreducible
representations.
Let F be a θ–(semi)stable (G, h)–constellation and F ′ a G–equivariant coherent
subsheaf of F generated in D−. Let H
0(F ′) ∼=
⊕
ρ∈IrrG F
′
ρ ⊗C Vρ be the isotypic
decomposition of its global sections. Then we have h′(ρ) := dimF ′ρ ≤ h(ρ) for
every ρ ∈ IrrG. Since D− is finite, θ(F
′) is also a convergent series and we have
θ(F ′) =
∑
ρ∈IrrG
θρh
′(ρ) =
∑
ρ∈D−
θρ︸︷︷︸
<0
h′(ρ)︸ ︷︷ ︸
≥0︸ ︷︷ ︸
≤0
+
∑
ρ∈D+
θρ︸︷︷︸
>0
h′(ρ)︸ ︷︷ ︸
≥0︸ ︷︷ ︸
≥0
!
≥
( )
0.
As a philosophy, if F is to be θ–(semi)stable, the values h′(ρ) should be as large
as possible in D+ and as small as possible in D−. This means that all subsheaves of
F generated in D− should be similar to F in positive parts and they should nearly
vanish in negative parts.
We have the following finiteness result:
Theorem 1.7. Let θ ∈ QIrrG such that θρ < 0 for only finitely many ρ ∈ IrrG. If
F is a θ–stable (G, h)–constellation on X, then F is generated in D−. Moreover,
if D0 = {ρ ∈ IrrG | h(ρ) = 0}, the same holds for any θ–semistable (G, h)–constel-
lation on X.
Proof. Consider the OX–submodule F
′ of F generated by
⊕
ρ∈D−
Fρ⊗C Vρ. Then
we have:
h′(ρ) = h(ρ) for ρ ∈ D−,
h′(ρ) ≤ h(ρ) for ρ ∈ D+ ∪D0.
This implies
θ(F ′) =
∑
ρ∈D−
θρh
′(ρ) +
∑
ρ∈D+
θρh
′(ρ) ≤
∑
ρ∈D−
θρh(ρ) +
∑
ρ∈D+
θρh(ρ) = θ(F) = 0.
If F is θ–stable this means that F ′ = F , because otherwise F ′ would destabilize F .
If F is θ–semistable we obtain θ(F ′) = 0 and thus h′(ρ) = h(ρ) for every ρ ∈ D+.
As D0 = {ρ ∈ IrrG | h(ρ) = 0} we obtain that h
′ = h, that is F ′ = F . This shows
that every θ–(semi)stable sheaf F is generated by
⊕
ρ∈D−
Fρ ⊗C Vρ. 
This finiteness result causes us to define the following G–equivariant free
OX–module of finite rank:
(2) H :=

⊕
ρ∈D−
C
h(ρ) ⊗
C
Vρ

⊗
C
OX ∼= O
∑
ρ∈D−
h(ρ) dimVρ
X .
Then by Theorem 1.7 it follows that every θ–(semi)stable (G, h)–constellation can
be obtained as a quotient of H if D− is finite (and if D0 = {ρ ∈ IrrG | h(ρ) = 0}).
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We will establish this in more detail in Section 3.1. Consequently, we may consider
QuotG(H, h) to construct the moduli space of θ–(semi)stable (G, h)–constellations.
Another consequence of the consideration of D− is that θ–(semi)stability can
be proven by checking finitely many subsheaves only, as the following sequence of
results shows.
Lemma 1.8. The family of pairs
(3)
{
(F ,F ′)
∣∣∣∣ F a (G, h)–constellation generated in D−,F ′ ⊂ F a G–equivariant coherent subsheaf generated in D−
}
is bounded, i.e. there is a scheme Z of finite type, a G–equivariant coherent sheaf of
OX×Z–modules F and a G–equivariant coherent subsheaf F
′ of F such that the
family (3) is a subset of {(F |X×Spec(k(z)),F
′|X×Spec(k(z))) | z a closed point in Z}.
Proof. The set of (G, h)–constellations F generated in D− is parametrized by the
quasiprojective scheme QuotG(H, h). For a fixed F the subsheaves F ′ ⊂ F gener-
ated in D− are determined by the choice of subspaces F
′
ρ ⊂ Fρ for ρ ∈ D−. Hence
the set (3) is parametrized by a subset of the scheme
Z := QuotG(H, h)×
∏
ρ∈D−
h(ρ)∐
k=0
Grass(k,Ch(ρ)).
The scheme Z is quasiprojective, hence of finite type, and the family (3) is bounded
by the universal family of its functor of points. 
Proposition 1.9. There is a finite set of Hilbert functions {h1, . . . , hn} such that
for any (G, h)–constellation F and any G–equivariant coherent subsheaf F ′ ⊂ F ,
both generated in D−, the Hilbert function h
′ of F ′ is one of the h1, . . . , hn.
Proof. Lemma 1.8 says that the family of pairs (F ,F ′) with F a (G, h)–constella-
tion and F ′ a G–equivariant coherent subsheaf of F , both generated in D−, is
bounded by a pair of coherent sheaves (F ,F ′) on X × Z, where Z is a scheme of
finite type. The family (F ,F ′) is not necessarily flat on Z, but we can use [Gro61,
Lemme 3.4] to obtain a flattening stratification of Z, that is a finite decomposition
Z =
∐n
i=1 Zi of Z into a disjoint union of connected and locally closed subschemes
Zi ⊂ Z such that (F |Zi ,F
′|Zi) is a flat family on Zi. Then for all z ∈ Zi the fibres
F ′(z) have the same Hilbert function hi. 
Corollary 1.10. Let θ ∈ QIrrG such that θρ < 0 for only finitely many ρ ∈ IrrG,
and let F be a (G, h)–constellation generated in D− with θ(F) = 0. With the
notation of Proposition 1.9 suppose that for every i = 1, . . . , n with hi actually
occurring as a Hilbert function of some non-zero proper G–equivariant subsheaf of
F generated in D−, we have 〈θ, hi〉 ≥( ) 0. Then F is θ–(semi)stable.
1.3. The invariant Hilbert scheme as a moduli space of (G, h)–constel-
lations. Let us suppose that the Hilbert function h satisfies h(ρ0) = 1, where ρ0 is
the trivial representation. For recovering the invariant Hilbert functor (cf. [AB05,
Definition 1.5] or [Bec11a, Definition 2.1]) and the invariant Hilbert scheme, θ must
satisfy an extra condition:
Proposition 1.11. If h(ρ0) = 1 and θ is chosen such that D− = {ρ0}, then the
moduli functor of θ–stable (G, h)–constellations coincides with the invariant Hilbert
functor:
Mθ(X) = Hilb
G
h (X).
Proof. Let S be a noetherian scheme over C, s ∈ S a point and F = F (s) a fibre
of a flat family F of θ-stable (G, h)–constellations on X ×S. Theorem 1.7 and the
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condition D− = {ρ0} imply that the OX–module generated by Vρ0 is F , i.e. F is
cyclic and therefore it is isomorphic to a quotient of OX . This means F ∼= OZs for
some Zs ∈ Hilb
G
h (X) and setting Z = {(Zs, s) | s ∈ S} ∈ Hilb
G
h (X)(S) we obtain
F ∼= OZ .
Conversely, consider an element Z ∈ HilbGh (X)(S). Every fibre OZ(s) of its
structure sheaf is generated by the image of 1 ∈ OX , which is an invariant. There-
fore, every non-zero proper G–equivariant subsheaf F ′ of OZ(s) satisfies h
′(ρ0) = 0
and hence is generated in D0 ∪ D+. So OZ(s) is θ–stable for every s ∈ S, which
means OZ ∈Mθ(X)(S). 
Corollary 1.12. If h(ρ0) = 1 and θ is chosen such that D− = {ρ0}, then the func-
tor Mθ(X) is representable and the moduli space of θ–stable (G, h)–constellations
is Mθ(X) = Hilb
G
h (X).
2. Geometric Invariant Theory of the invariant Quot scheme
In the last section we have shown that every θ–(semi)stable (G, h)–constellation
is a quotient of H :=
⊕
ρ∈D−
C
h(ρ) ⊗
C
Vρ ⊗C OX . Now we consider the in-
variant Quot scheme QuotG(H, h) parametrizing all G–equivariant quotient maps
[q : H ։ F ], where F is a G–equivariant coherent OX–module whose module of
global sections is isomorphic to Rh :=
⊕
ρ∈IrrG V
⊕h(ρ)
ρ . In Subsection 2.1 we con-
sider an embedding of the invariant Quot scheme into a product of Grassmannians.
This equips QuotG(H, h) with an ample line bundle L . Thereafter we discuss
the geometric invariant theory (GIT) of QuotG(H, h) in order to obtain a cate-
gorical quotient QuotG(H, h)ss//LχΓ of GIT–semistable quotients and a geomet-
ric quotient QuotG(H, h)s//LχΓ = Quot
G(H, h)s/Γ of GIT–stable quotients. The
θ–stable (G, h)–constellations identify with elements of the latter and it will be our
candidate for the moduli space of θ–stable (G, h)–constellations. Here, Γ denotes
the gauge group ofH and Lχ is the ample line bundle L with linearization depend-
ing on the choice of a character χ of Γ. We describe these parameters in Subsection
2.2. Afterwards, in Subsection 2.3 we examine 1–parameter subgroups of Γ and
establish their description via filtrations of the vector space
⊕
ρ∈D−
C
h(ρ) in order
to apply Mumford’s numerical criterion for GIT–(semi)stability in Subsection 2.4.
Out of this we eventually establish a condition for GIT–(semi)stability by consid-
ering subspaces of
⊕
ρ∈D−
C
h(ρ) instead of filtrations. This condition will be used
to compare GIT–(semi)stability to θ–(semi)stability in Section 3.
2.1. Embedding of the invariant Quot scheme. Let H be any G–equivariant
coherent OX–module with isotypic decomposition H
0(H) =
⊕
ρ∈IrrGHρ⊗CVρ and
h : IrrG → N0 a Hilbert function. Then we consider the invariant Quot scheme
QuotG(H, h) as constructed in [Jan06]. Before we address ourselves to the geomet-
ric invariant theory of the invariant Quot scheme, we consider the embedding of
QuotG(H, h) into a finite product
∏
σ∈D Grass(Hσ, h(σ)) of Grassmannians gener-
alizing the embedding of the invariant Hilbert scheme [Bec11a, Section 4.2].
The next result follows directly from the construction of the invariant Quot
scheme by Jansou [Jan06, §1.2 and §1.3].
Proposition 2.1. There exists a finite subset D ⊂ IrrG and, for each ρ ∈ D,
a finite dimensional vector space Hρ together with a surjection of OX//G–modules
OX//G ⊗C Hρ ։ Hρ such that there is a locally closed immersion
(4) η : QuotG(H, h) −֒→
∏
ρ∈D
Grass(Hρ, h(ρ)).
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Proof. Let us explain how the construction of the invariant Quot scheme by Jansou
gives the desired embedding into a product of Grassmannians.
Fix a Borel subgroup B ⊂ G, and denote by T ⊂ B a maximal torus and by U
the unipotent radical of B. By [Jan06, Proposition 1.10], there is a closed immersion
QuotG(H, h) →֒ QuotT (HU , h′), where h′ : IrrT → N0 coincides with h on IrrG
and is 0 elsewhere, and HU is the T –equivariant coherent OX//U–module obtained
by taking the U–invariants of H.
In this setting let E be a finite dimensional T –module such that X//U identifies
with a T –stable closed subscheme of E, let e1, . . . , er be a system of generators of
the OX//U–module H
U formed by weight vectors for the action of T , and define
M :=
⊕r
i=1OEei, which is a T –equivariant coherent OE–module. By [Jan06,
Lemme 1.9], there exists a closed immersion QuotT (HU , h′) →֒ QuotT (M, h′). Be-
sides, by definition of M, there is a surjective morphism of T –equivariant OE–
modules M ։ HU , where the structure of OE–module for H
U comes from the
surjection OE ։ OX//U . In particular, for each ρ ∈ IrrT , we have a surjection of
OE//T –modules Mρ ։ H
U
ρ = Hρ.
Now by [Jan06, Proposition 1.6, Lemme 1.7, and Proposition 1.8], there exists a
finite subset D ⊂ IrrT and, for each ρ ∈ D, a finite dimensional subspace Hρ ⊂Mρ
such that QuotT (M, h′) identifies with a locally closed subscheme of the product∏
ρ∈D Grass(Hρ, h
′(ρ)) and such that Hρ generates Mρ as an OE//T –module. We
thus obtain a surjection of OE//T –modules OE//T ⊗C Hρ ։ Hρ, but any element
in the kernel of OE ։ OX//U acts trivially on H
U , whence a surjection of OX//G–
modules OX//G ⊗C Hρ ։ Hρ.
Finally, as h′(ρ) = 0 for every ρ ∈ IrrT \ IrrG, we can assume that D ⊂ IrrG
and the theorem is proven. 
Remark 2.2. The existence of the set D in Proposition 2.1 is given by [Jan06,
Lemme 1.7] and one easily checks that any finite subset D′ of IrrG containing D
also provides an embedding of the invariant Quot scheme.
2.2. The parameters needed for GIT. We fix θ ∈ QIrrG such that the set
D− defined by (1) is finite, and let H be as defined in (2). In this subsection we
introduce a group action on the invariant Quot scheme of H, for which we want
to obtain the GIT–quotient. In order to determine this quotient, we need to find
an ample line bundle on QuotG(H, h), which can be linearized with respect to the
group action. The linearization depends on a character of the group.
In the definition of H, we write Aρ := C
h(ρ), i.e. H :=
⊕
ρ∈D−
Aρ⊗C Vρ⊗COX .
For every [q : H։ F ] ∈ QuotG(H, h), the sheaf F = q(H) is thus generated by the
finitely many components q(Aρ ⊗C Vρ ⊗C 1), ρ ∈ D−, as an OX–module.
2.2.1. The line bundle L and the weights κ. In the last subsection we have seen
that there is a finite subset D ⊂ IrrG and an embedding η of QuotG(H, h) into
a product of Grassmannians
∏
σ∈D Grass(Hσ, h(σ)), where the Hσ are the finite
dimensional vector spaces given by Proposition 2.1. Composing η with the Plu¨cker
embedding πσ for every occurring Grassmannian we have
(5) QuotG(H, h)
η
−֒→
∏
σ∈D
Grass(Hσ, h(σ))
(piσ)σ
−֒→
∏
σ∈D
P(Λh(σ)Hσ).
As mentioned in Remark 2.2, for any set containingD we again obtain an embed-
ding. Adding further representations if necessary, we will always assume D− ⊂ D.
In the following discussion of the geometric invariant theory, different choices of
D lead to different notions of GIT–(semi)stability. We will take advantage of the
variation of D and the corresponding stability condition in Section 3.3.
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For every choice of κ ∈ ND0 , the ample line bundles Oσ(1) on P(Λ
h(σ)Hσ) give
a line bundle
⊗
σ∈D(π
∗
σOσ(1))
κσ =
⊗
σ∈D(detWσ)
κσ on the product of the Grass-
mannians, where Wσ denotes the universal family of Grass(Hσ, h(σ)). It is ample
if κσ ≥ 1 for every σ ∈ D. This in turn induces an ample line bundle
(6) L = η∗
⊗
σ∈D
(π∗σOσ(1))
κσ =
⊗
σ∈D
(detUσ)
κσ
on QuotG(H, h), where p∗U =
⊕
σ∈IrrG Uσ ⊗C Vσ is the isotypic decomposition
of the universal quotient [π∗H ։ U ] on X × QuotG(H, h). Here, we denote by
π : X×QuotG(H, h)→ X and p : X×QuotG(H, h)→ QuotG(H, h) the projections.
Remark 2.3. In Section 3.3 we will also consider L with weights κσ ∈ Q>0. To
give this a meaning, let k be the common denominator of all the κσ, σ ∈ D. Then
we have kκσ ∈ N for all σ ∈ D and L
k is an ample line bundle on QuotG(H, h),
which defines an embedding as above.
2.2.2. The gauge group Γ and the character χ. In order to give concrete surjections
H ։ F rather than only coherent OX–modules F which are quotients of H, we
have to choose a map Aρ → Fρ for every ρ ∈ D−. In order to obtain a moduli
space parametrizing sheaves F independent of this choice, we need to consider the
natural action of the gauge group Γ′ :=
∏
ρ∈D−
Gl(Aρ) on H by multiplication from
the left on the constituent components.
This action induces a natural action on QuotG(H, h) from the right:
Let γ = (γρ)ρ∈D− ∈ Γ
′ and [q : H։ F ] ∈ QuotG(H, h). Then [q] · γ is the map
[q] · γ : H։ F , aρ ⊗ vρ ⊗ f 7→ q(γρaρ ⊗ vρ ⊗ f).
Since the subgroup of scalar matrices K := {
∏
ρ∈D−
αIdAρ ;α ∈ C
∗} ∼= C∗ acts
trivially on the invariant Quot scheme, we actually consider the action (with finite
stabilizers) of the subgroup
(7) Γ :=

(γρ)ρ∈D− ∈
∏
ρ∈D−
Gl(Aρ)
∣∣∣∣∣∣
∏
ρ∈D−
det(γρ) = 1

 .
Further, the action of Γ induces a natural linearization on some power L k of L
(compare to the remark after Lemma 4.3.2 in [HL10]). Replacing κσ by kκσ for
every σ ∈ D, we can assume that L itself carries a Γ–linearization. Additionally,
we can twist this linearization with respect to a character χ of Γ, where χ(γ) =∏
ρ∈D−
det(γρ)
χρ and (χρ)ρ∈D− ∈ Z
D− are chosen such that
∑
ρ∈D−
χρh(ρ) = 0,
i.e. χ restricts to the trivial character on K ∩ Γ. This last condition will be useful
to obtain equivalence (10). We write Lχ for the line bundle L equipped with the
linearization twisted by the character χ.
2.3. One–parameter subgroups and filtrations. For the construction of the
GIT–quotient, we examine 1–parameter subgroups of Γ in order to apply Mum-
ford’s numerical criterion and hence deduce a condition for GIT–(semi)stability.
Let [q : H։ F ] ∈ QuotG(H, h) and λ : C∗ → Γ be a 1–parameter subgroup.
Then λ induces a grading and a descending filtration on A :=
⊕
ρ∈D−
Aρ, so
that for every ρ ∈ D− we have
Aρ =
⊕
n∈Z
Anρ , A
≥n
ρ =
⊕
m≥n
Amρ ,
where Anρ = {a ∈ Aρ | λ(t) · a = t
na} is the subspace of Aρ on which λ acts with
weight n.
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Let us note that λ induces a 1–parameter subgroup of Γ′ obtained by composing
λ with the inclusion Γ ⊂ Γ′. In fact, denoting Am :=
⊕
ρ∈D−
Amρ , one easily checks
that a 1–parameter subgroup of Γ′ factors through a 1–parameter subgroup of Γ if
and only if
(8)
∑
m∈Z
m · dim(Am) = 0.
The grading of A induces a grading
H =
⊕
n∈Z
Hn, where Hn =
⊕
ρ∈D−
Anρ ⊗C Vρ ⊗C OX ,
and the corresponding filtration is
H≥n =
⊕
m≥n
Hm =
⊕
ρ∈D−
A≥nρ ⊗C Vρ ⊗C OX .
This in turn induces a filtration of F by
F≥n := q(H≥n),
and we define graded pieces
F [n] := F≥n/F≥n+1.
Remark 2.4. As Aρ is a finite dimensional vector space, only finitely many A
n
ρ are
non-zero for every ρ ∈ D−, so the same holds forH
n and F [n]. Further, only finitely
many H≥n and F≥n are different from 0 or H, respectively from 0 or F .
The graded object corresponding to the filtration of F is
F :=
⊕
n∈Z
F [n] =
⊕
n∈Z
F≥n/F≥n+1.
For the sheaves of covariants of F we have Fσ =
⊕
n∈Z F
[n]
σ for every σ ∈ IrrG.
Since G is reductive, the sequences
0→ F≥n+1σ → F
≥n
σ → F
[n]
σ → 0
are exact for every σ ∈ IrrG, n ∈ Z, so that dimF
[n]
σ = dimF≥nσ −dimF
≥n+1
σ . Let
M,N ∈ Z such that dimF
[n]
σ = 0 for every n > M , n < −N . Then F≥−Nσ = Fσ
and F≥M+1σ = 0 and we have
dimFσ =
∑
n∈Z
dimF [n]σ =
M∑
n=−N
(
dimF≥nσ − dimF
≥n+1
σ
)
= dimF≥−Nσ − dimF
≥M+1
σ = dimFσ.
Hence F has the same Hilbert function as F , so that the sum of the graded pieces
[qn : H
n
։ F [n]] yields a point [q = ⊕nqn : H ։ F ] ∈ Quot
G(H, h). It has the
property that it is the limit of the action of λ(t) on [q] when t tends to infinity:
Lemma 2.5. Let [q : H։ F ] ∈ QuotG(H, h), let λ : C∗ → Γ be a 1–parameter sub-
group, and let [q] be the quotient of QuotG(H, h) defined as above. Then
[q] = limt→0[q] · λ(t)
−1 = limt→∞[q] · λ(t).
Proof. The proof works analogously to [HL10, Lemma 4.4.3]. The main difference
is a minus sign, which occurs since we consider descending filtrations while [HL10]
work with ascending filtrations. Therefore, we obtain the limit at infinity instead
of zero. Consult [Bec11b, Lemma 3.3.2] for the details. 
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The description of [q] as a limit of [q] · λ(t) yields that it is a fixed point of the
action of λ. Hence there is an action of λ on the fibre
Lχ([q]) =
⊗
σ∈D
det(Fσ)
κσ =
⊗
σ∈D
det
(⊕
n∈Z
F [n]σ
)κσ
=
⊗
σ∈D
⊗
n∈Z
det(F [n]σ )
κσ .
We examine this action in the sequel so as to gain some criteria for the
GIT–(semi)stability of [q].
2.4. GIT–(semi)stability.
2.4.1. A numerical criterion. Let us start by recalling the notion of (semi)stability
in the GIT–sense as defined in [MFK94, Definition 1.7].
Definition 2.6. Let Γ be a reductive algebraic group, let S be a Γ–scheme, and
let L be a Γ–linearized line bundle on S. Then:
• A (closed) point s ∈ S is semistable if there exists a section σ ∈ H0(X,L n)Γ
for some n, such that σ(s) 6= 0, and Xσ := {s ∈ S|σ(s) 6= 0} is affine.
• A (closed) point s ∈ S is stable if it is semistable, Γ.s is closed in Xσ, and
the isotropy group Γs is finite.
Note that the definition of GIT–stable point given here differs slightly from the
one in [MFK94] since Mumford does not require for Γs to be finite. It is obvious
from the definition that the set of GIT–(semi)stable points is open and Γ–invariant.
We have seen in Section 2.2 that the invariant Quot scheme QuotG(H, h) is
equipped with a Γ–linearized ample line bundle Lχ. Hence, by [MFK94, Ampli-
fication 1.8], there exists some integer N ≥ 1, a finite dimensional Γ–submodule
W ⊂ H0(QuotG(H, h),L Nχ ), and a Γ–equivariant locally closed immersion
ι : QuotG(H, h) →֒ P(W )
such that ι∗O
P(W )(1) ∼= L
N
χ and, if we identify Quot
G(H, h) with a subscheme of
P(W ) via ι, then
(9) QuotG(H, h)(s)s(Lχ) = Quot
G(H, h) ∩P(W )(s)s(O
P(W )(1)),
where we denote by QuotG(H, h)(s)s(Lχ) and by P(W )
(s)s(O
P(W )(1)) the open
subset of GIT–(semi)stable points with respect to the linearized line bundle Lχ and
O
P(W )(1) respectively. In fact, [MFK94, Amplification 1.8] gives equality (9) only
for GIT–stable points, but the same proof gives the result also for GIT–semistable
points.
As P(W ) is a proper scheme, we can use Mumford’s numerical criterion to
determine the GIT–(semi)stable locus of QuotG(H, h) with respect to Lχ. We first
adapt Mumford’s definition [MFK94, Definition 2.2] to our situation:
Definition 2.7. For [q : H։ F ] ∈ QuotG(H, h) and any 1–parameter subgroup λ
of Γ we define µLχ(q, λ) as the weight of λ on Lχ([q]).
It follows from the discussion above that, in our situation, Mumford’s numerical
criterion [MFK94, Theorem 2.1] can be formulated as follows:
Proposition 2.8 (Mumford’s numerical criterion).
The point [q : H ։ F ] ∈ QuotG(H, h) is GIT–(semi)stable with respect to the
twisted line bundle Lχ if and only if for every non–trivial 1–parameter subgroup
λ : C∗ → Γ we have µLχ(q, λ) ≥( ) 0.
Now we establish some expressions for µLχ(q, λ) in terms of κ and χ:
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Lemma 2.9. The weight of the action of C∗ via λ on Lχ[q] is
µLχ(q, λ) =
∑
n∈Z
n
(∑
σ∈D
κσ · dimC(F
[n]
σ ) +
∑
ρ∈D−
χρ · dimC(A
n
ρ )
)
=:
∑
n∈Z
n
(
κ(F [n]) + χ(An)
)
.
Proof. The weight µLχ(q, λ) is the exponent in the identity
λ(t)|Lχ([q]) = λ(t)| ⊗
σ∈D
⊗
n∈Z
det(F
[n]
σ )κσ
= tµLχ (q,λ) · idLχ([q]) .
This number splits into a sum µLχ(q, λ) = m + mχ, where m is the weight on
the fibre of the original line bundle L ([q]) and mχ comes from the twist with the
character χ.
Since the weight of λ on F
[n]
σ is n, for its weight on the determinant det(F
[n]
σ )κσ
we obtain n ·dim(F
[n]
σ ) ·κσ. The weights on the factors of the tensor products over
D and Z translate to a sum of the weights, thus m =
∑
σ∈D
∑
n∈Z n ·κσ ·dimF
[n]
σ .
The λ(t)ρ are diagonal matrices of size (dimAρ) × (dimAρ) with entries t
n ac-
cording to the decomposition Aρ =
⊕
n∈ZA
n
ρ . The twist by the character χ is given
by taking the product of the determinants of the λ(t)ρ to the χρ’s power. Thus we
have
tmχ =
∏
ρ∈D−
det(λ(t)ρ)
χρ =
∏
ρ∈D−
∏
n∈Z
tn·dim(A
n
ρ )·χρ ,
and mχ =
∑
ρ∈D−
∑
n∈Z n · χρ · dim(A
n
ρ ). 
Generalizing the calculation before Proposition 3.1 in [Kin94], we obtain another
formula for µLχ(q, λ):
Proposition 2.10. In terms of the filtration corresponding to a 1–parameter sub-
group λ, we have
µLχ(q, λ) =
M∑
n=−N+1
(
κ(F≥n) + χ(A≥n)
)
−N · κ(F),
where −N is the minimal and M the maximal occurring weight.
Proof. Using the fact that F≥n = 0, A≥n = 0 for n > M and F≥n = F , A≥n = A
for n ≤ −N , this is an easy calculation. It is accomplished in [Bec11b, Proposition
3.4.4]. 
2.4.2. 1–step filtrations. Next we analyse the stability condition for 1–step filtra-
tions in order to simplify the condition for GIT–(semi)stability:
Let λ be a 1–parameter subgroup such that the corresponding filtration is a one-
step filtration A ) A′ ) 0, and let A′′ be a complement of A′ in A. Denote by n′
and n′′ the weights of A′ and A′′ for the action of λ on A, respectively.
As n′ dimA′ + n′′ dimA′′ = 0 by equation (8) and n′′ < n′, we have n′ =
dimA′′ = dimA−dimA′ and n′′ = − dimA′ up to a multiple in 1gcd(dimA′,dimA)N.
Moreover:
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An
′
= A′,
An
′′
= A′′ ∼= A/A′,
F [n
′] = q
( ⊕
ρ∈D−
A′ρ ⊗C Vρ ⊗C OX
)
=: F ′,
F [n
′′] = q(
⊕
ρ∈D−
(A′ρ ⊕A
′′
ρ)⊗C Vρ ⊗C OX)/F
′ = F/F ′.
As χ(A) =
∑
ρ∈D−
χρh(ρ) = 0 by assumption on χ, we get
µLχ(q, λ) = n
′ ·
(
κ(F ′) + χ(A′)
)
+ n′′ ·
(
κ(F/F ′)︸ ︷︷ ︸
κ(F)−κ(F ′)
+ χ(A/A′)︸ ︷︷ ︸
−χ(A′)
)
= (n′ − n′′) ·
(
κ(F ′) + χ(A′)
)
+ n′′ · κ(F).
Thus we obtain the following criterion for µLχ(q, λ) to be positive:
(10) µLχ(q, λ)≥( ) 0 ⇐⇒ µ(A
′) := dimA ·
(
κ(F ′)+χ(A′)
)
−dimA′ ·κ(F)≥
( )
0.
The next proposition gives a criterion for GIT–(semi)stability in terms of graded
subspaces:
Proposition 2.11. An element [q : H ։ F ] ∈ QuotG(H, h) is GIT–(semi)stable
if and only if for every graded subspace 0 6= A′ ( A, that is A′ =
⊕
ρ∈D−
A′ρ
with A′ρ ⊂ Aρ, and for every F
′ := q
(⊕
ρ∈D−
A′ρ ⊗C Vρ ⊗C OX
)
the inequality
µ(A′) := dimA ·
(
κ(F ′) + χ(A′)
)
− dimA′ · κ(F)≥
( )
0 holds.
Proof. “⇒”: Considering a 1–parameter subgroup corresponding to the 1–step fil-
tration
0 6= A′ ( A,
this follows from (10) and Mumford’s numerical criterion.
“⇐”: Let λ be any non–trivial 1–parameter subgroup. By Mumford’s numerical
criterion we have to show that µLχ(q, λ)≥( ) 0. Let −N denote the minimal and M
the maximal occurring weight. For every n ∈ {−N + 1, . . . ,M} let us consider the
graded subspace A ) A≥n ) 0. By assumption κ(F≥n)+χ(A≥n) > dimA
≥n
dimA ·κ(F).
This yields
µLχ(q, λ) =
M∑
n=−N+1
(
κ(F≥n) + χ(A≥n)
)
−N · κ(F)
≥
( )
M∑
n=−N+1
dimA≥n ·
κ(F)
dimA
−N · κ(F) = 0,
since one checks that
M∑
n=−N+1
dimA≥n =
∑
n∈Z
n · dimAn
︸ ︷︷ ︸
=0 by (8)
+ N · dimA = N · dimA.
This shows that [q] is GIT–(semi)stable. 
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3. The connection between the stability conditions
As we want to construct the moduli space of θ–stable (G, h)–constellations on
an affine G–scheme X as an open subset of the GIT–quotient QuotG(H, h)ss//LχΓ,
first of all we determine the elements in QuotG(H, h) originating from (G, h)–con-
stellations in Subsection 3.1. It turns out that every GIT–semistable quotient can
indeed be obtained from a (G, h)–constellation in a particular way, so that we can
define a functor Mχ,κ(X) of flat families of GIT–stable (G, h)–constellations. We
compareMχ,κ(X) to the functorMθ(X) of flat families of θ–stable (G, h)–constel-
lations. Therefore, in Subsection 3.2 we establish a correspondence between the
G–equivariant coherent subsheaves generated in D− of a (G, h)–constellation F
and the saturated graded subspaces of A =
⊕
ρ∈D−
Aρ defining subsheaves of H.
This leads us to the definition of a new stability condition θ˜ on (G, h)–constellations
which coincides with GIT–stability for (G, h)–constellations generated in D−. This
reduces our examination of the stability conditions to a comparison of θ and θ˜,
which look very similar for a certain choice of the GIT–parameters χ and κ. In-
deed, in Subsection 3.3 we show that θ is a limit of the θ˜, when the finite subset
D ⊂ IrrG in the definition of θ˜ varies. Furthermore, we find out that θ–stability
implies θ˜–stability and hence GIT–stability, so that the functor of θ–stable (G, h)–
constellations is a subfunctor of the functor of GIT–stable (G, h)–constellations.
3.1. Quotients originating from (G, h)–constellations. To determine those
points in the invariant Quot scheme which originate from θ–semistable (G, h)–
constellations, we analyse the quotient map for these elements first.
Let F be a θ–semistable (G, h)–constellation generated in D−. By Theorem 1.7,
this is the case for instance if F is θ–stable or if D0 = {ρ ∈ IrrG | h(ρ) = 0}. By
Section 1.2 we can write F as a quotient of
H :=
⊕
ρ∈D−
Aρ ⊗C Vρ ⊗C OX ,
where Aρ = C
h(ρ) and D− is the finite subset of IrrG where θ takes negative values.
Since Fρ = HomG(Vρ, H
0(F)) we have natural evaluation maps
evρ : Fρ ⊗C Vρ ⊗C OX → F , α⊗ v ⊗ f 7→ f · α(v)
and F is generated as an OX–module by the images of evρ, ρ ∈ D− by assump-
tion. Choosing a basis of each Fρ, i.e. fixing an isomorphism ψρ : Aρ → Fρ, and
composing it with the evaluation map, we obtain
(11) qρ : Aρ ⊗C Vρ ⊗C OX → F , a⊗ v ⊗ f 7→ f · ψρ(a)(v).
Their sum
q := ⊕
ρ∈D−
qρ : H =
⊕
ρ∈D−
Aρ ⊗C Vρ ⊗C OX → F
gives us a point [q : H։ F ] ∈ QuotG(H, h) with the property that the map
(12) ϕρ : Aρ → Fρ = HomG(Vρ, H
0(F)), a 7→ (v 7→ q(a⊗ v ⊗ 1)),
is just the isomorphism ψρ since, for a ∈ Aρ and v ∈ Vρ, we have
ϕρ(a)(v) = q(a⊗ v ⊗ 1) = 1 · ψρ(a)(v) = ψρ(a)(v).
The point [q : H ։ F ] ∈ QuotG(H, h) constructed this way depends on the
choice of the isomorphisms ψρ. Any other choice differs from ψρ by an element in
Gl(Aρ), so that a (G, h)–constellation can be seen as an element in the quotient of
QuotG(H, h) by the gauge group Γ defined by (7). We will make this more precise
in Section 4.
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Conversely, for any element [q : H ։ F ] ∈ QuotG(H, h), the quotient F is
a G–equivariant coherent OX–module with isotypic decomposition isomorphic to
Rh, so it is a (G, h)–constellation. However, the induced maps ϕρ need not be
isomorphisms so that [q] need not originate from a (G, h)–constellation as above
even if F is θ–stable. Since we want to determine a moduli spaceMθ(X) of θ–stable
(G, h)–constellations as a subscheme of QuotG(H, h)ss//LχΓ, we are interested in
exploring which quotient maps q do indeed arise from a (G, h)–constellation.
Lemma 3.1. Let [q : H ։ F ] ∈ QuotG(H, h) be GIT–semistable, and let ρ ∈ D−.
If χρ <
κ(F)
dimA , then ϕρ : Aρ → Fρ is an isomorphism.
Proof. Fix ρ ∈ D− and let Kρ := kerϕρ. If ϕρ is not injective, then one can
find a 1–parameter subgroup λ such that A ⊃ Kρ ) 0 is a (1–step) filtration
corresponding to λ. For the induced subsheaf we obtain F ′ = q(Kρ⊗CVρ⊗COX) =
OX · ϕρ(Kρ)(Vρ) = 0, so that
µ(Kρ) = dimA ·
(
κ(0) + χ(Kρ)
)
− dimKρ · κ(F)
= dimA · χρ dimKρ − dimKρ · κ(F)
= dimKρ · (dimA · χρ − κ(F)) < 0
by the assumption on χρ.
This is a contradiction to semistability by Proposition 2.11, so kerϕρ has to
be 0. As Aρ and Fρ have the same dimension h(ρ), this implies that ϕρ is an
isomorphism. 
Lemma 3.1 means that, if χρ <
κ(F)
dimA , then for every GIT–semistable quotient
[q : H ։ F ] ∈ QuotG(H, h) the qρ, ρ ∈ D−, are of the form (11). In this sense, [q]
arises from a (G, h)–constellation.
If for a (G, h)–constellation F and a choice of isomorphisms (ψρ)ρ∈D− the cor-
responding point is GIT–(semi)stable, then the same is true for any other choice of
isomorphisms by Γ–invariance of GIT–(semi)stable points. Thus it makes sense to
deal with GIT–(semi)stable (G, h)–constellations:
Definition 3.2. A (G, h)–constellation F is GIT–(semi)stable, if for some (and
hence any) choice of isomorphisms (ψρ)ρ∈D− the corresponding point as defined in
(11) is GIT–(semi)stable. Let
Mχ,κ(X) : (Sch/C)
op → (Set)
S 7→ {F an S–flat family of GIT–semistable (G, h)–constellations on X × S}/∼=
(f : S′ → S) 7→
(
Mχ,κ(X)(S)→Mχ,κ(X)(S
′),F 7→ (idX ×f)
∗
F
)
,
and
Mχ,κ(X) : (Sch/C)
op
→ (Set)
S 7→ {F an S–flat family of GIT–stable (G, h)–constellations on X × S}/∼=
(f : S′ → S) 7→
(
Mχ,κ(X)(S)→Mχ,κ(X)(S
′),F 7→ (idX ×f)
∗
F
)
be the moduli functors of GIT–semistable and GIT–stable (G, h)–constellations on
X generated in D−, respectively.
From the discussion above we expect that the quotients QuotG(H, h)ss//LχΓ
and QuotG(H, h)s/Γ corepresent these functors. We will prove this in Section 4.2.
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3.2. Correspondence between saturated graded subspaces of A and G–
equivariant subsheaves of F generated in D−. If the map Aρ → Fρ is injective
and hence an isomorphism, we may establish a correspondence between subsheaves
of the (G, h)–constellation F generated in D− and saturated graded subspaces of
A. By Lemma 3.1 this correspondence applies to GIT–semistable elements. First
we begin with some graded subspace A′ ⊂ A, i.e. we have subspaces A′ρ ⊂ Aρ for
every ρ ∈ D−. Let
(13) F ′ := q
( ⊕
ρ∈D−
A′ρ ⊗C Vρ ⊗C OX
)
= OX ·
( ∑
ρ∈D−
ϕρ(A
′
ρ)(Vρ)
)
be the G–equivariant subsheaf of F generated by the ϕρ(A
′
ρ), ρ ∈ D−. Since ϕρ|A′ρ
is injective we have dimA′ρ ≤ dimF
′
ρ for every ρ ∈ D−. Further, we define
A˜′ρ := ϕ
−1
ρ (F
′
ρ), A˜
′ :=
⊕
ρ∈D−
A˜′ρ.
Then we have
• dim A˜′ρ = dimF
′
ρ =: h
′(ρ) since ϕρ is an isomorphism,
• A˜′ρ = ϕ
−1
ρ
(
F ′ρ
)
⊃ ϕ−1ρ
(
ϕρ(A
′
ρ)
)
= A′ρ,
• q
(⊕
ρ∈D−
A˜′ρ ⊗C Vρ ⊗C OX
)
= OX ·
(∑
ρ∈D−
ϕρ(A˜
′
ρ)(Vρ)
)
= F ′, since
ϕρ(A˜
′
ρ) = F
′
ρ if ρ ∈ D− and F
′ is generated in D−.
For this reason, A˜′ is called the saturation of A′.
Inspired by this correspondence we define a new function, which describes
GIT–(semi)stability in terms of the F ′ instead of the A′:
Definition 3.3. Let F be any (G, h)–constellation, F ′ ⊂ F a G–equivariant co-
herent subsheaf, h′(ρ) := dimF ′ρ. Let θ˜ : Coh
G(X)→ Q be the function
θ˜(F ′) :=
∑
ρ∈D−
(
κρ + χρ −
κ(F)
dimA
)
h′(ρ) +
∑
σ∈D\D−
κσh
′(σ),
where we recall that κ(F) =
∑
σ∈D κσh(σ) and A =
⊕
ρ∈D−
Aρ.
In the above setting, if F ′ is generated in D−, then we have h
′(ρ) = dim A˜′ρ.
Comparing this definition to expression (10) we find
(14) dimA · θ˜(F ′) = µ(A˜′).
Remark 3.4. Since the notion of GIT–stability on QuotG(H, h) depends on the
embedding into a product of Grassmannians, the definition of θ˜ depends on the
choice of the finite subset D ⊂ IrrG. If there is any ambiguity about D we write
θ˜D instead of θ˜.
The next theorem reduces the examination of the relation between θ–(semi)stabi-
lity and GIT–(semi)stability to the comparison of θ and θ˜ for sheaves generated in
D−.
Theorem 3.5. Let F be a (G, h)–constellation generated in D−, and suppose that
for every ρ ∈ D− we have χρ <
κ(F)
dimA . Then F is GIT–(semi)stable if and only if
F is θ˜–(semi)stable.
Proof. “⇒”: Let F ′ be a G–equivariant subsheaf of F generated in D−. As above
we consider A˜′ =
⊕
ρ∈D−
ϕ−1ρ (F
′
ρ). Then we have θ˜(F
′) = µ(A˜
′)
dimA ≥( ) 0 by GIT–
(semi)stability.
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“⇐”: Let A′ ⊂ A be a graded subspace. As in (13) we construct F ′ and A˜′ ⊃ A′.
By θ˜–(semi)stability we have µ(A˜′) = dimA · θ˜(F ′)≥
( )
0. If A˜′ = A′, then equality
(14) gives the result. Otherwise, we obtain
χ(A˜′)− χ(A′) = χ(A˜′/A′) =
∑
ρ∈D−
χρ · dim(A˜
′/A′)ρ
<
∑
ρ∈D−
κ(F)
dimA
· dim(A˜′/A′)ρ
=
κ(F) · dim(A˜′/A′)
dimA
=
dim A˜′ − dimA′
dimA
· κ(F).
Separating A˜′ and A′ and multiplying by dimA yields
dimA · χ(A˜′)− dim A˜′ · κ(F) < dimA · χ(A′)− dimA′ · κ(F),
so that
µ(A′) = dimA · (κ(F ′) + χ(A′))− dimA′ · κ(F)
> dimA · (κ(F ′) + χ(A˜′))− dim A˜′ · κ(F) = µ(A˜′) ≥ 0.

If we could show that
(15) θ˜(F ′)≥
( )
0 ⇐⇒ θ(F ′)≥
( )
0
for everyG–equivariant subsheaf F ′ of every (G, h)–constellation F , both generated
in D−, then in consideration of Theorem 3.5 we would obtain that a (G, h)–con-
stellation is θ–(semi)stable if and only if it is GIT–(semi)stable.
The equivalence (15) might be asking too much for, but in the following sub-
section we show at least that θ–stability implies GIT–stability (Theorem 3.10). As
the theorem suggests, we therefore compare θ and θ˜ and we show that θ–stability
implies θ˜–stability.
3.3. Comparison of θ and θ˜. Let F be any (G, h)–constellation and F ′ ⊂ F a
G–equivariant coherent subsheaf. We have defined two functions on CohG(X):
θ(F ′) =
∑
ρ∈D−
θρh
′(ρ) +
∑
σ∈D\D−
θσh
′(σ) +
∑
τ∈IrrG\D
θτh
′(τ),
θ˜(F ′) =
∑
ρ∈D−
(
κρ + χρ −
κ(F)
dimA
)
h′(ρ) +
∑
σ∈D\D−
κσh
′(σ).
The main difference is that θ is defined as the sum over infinitely many elements
while the number of summands in θ˜ is finite. We define the part outside D of θ by
(16) SD = SD(h) :=
∑
τ∈IrrG\D
θτh(τ).
To compare θ and θ˜ we make the following approach for choosing the character
χ and the weights κ in the definition of our ample line bundle L :
(17)


κρ ∈ Q>0 arbitrary for ρ ∈ D ∩ (D− ∪D0),
κρ = θρ +
SD
d·h(ρ) for ρ ∈ D ∩D+,
χρ = θρ − κρ +
κ(F)
dimA for ρ ∈ D−,
where d := #(D ∩ D+) is the number of non-zero summands in the second sum
in the definition of θ˜. We recall that if ρ ∈ D− ∪ D+, then h(ρ) 6= 0 by as-
sumption on D0 (see the end of Section 1.1). The condition θ(F) = 0 implies
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SD = −
∑
σ∈D θσh(σ) ∈ Q, so κρ ∈ Q. Since D ⊃ D−, the inequality SD ≥ 0
holds, and thus κρ > 0 for all ρ ∈ D.
Let us also note the following facts substantiating why the choice (17) for χ and
κ is natural:
• Since θρ < 0 and κρ > 0 for every ρ ∈ D−, we automatically have
χρ = θρ − κρ +
κ(F)
dimA
<
κ(F)
dimA
,
so the prerequisites of Lemma 3.1 and Theorem 3.5 are always satisfied.
• One easily calculates
∑
ρ∈D−
χρh(ρ) = θ(F), and thus if F is θ–semistable
we obtain
∑
ρ∈D−
χρh(ρ) = 0.
• Let F be a (G, h)–constellation. For any G–equivariant coherent subsheaf
F ′ of F , plugging in (17) in Definition 3.3 gives
(18) θ˜(F ′) =
∑
ρ∈D
θρh
′(ρ) +
SD
d
∑
σ∈D∩D+
h′(σ)
h(σ)
,
in particular θ˜(F) = θ(F).
Remark 3.6. If the support D−∪D+ of θ is finite, then one may takeD ⊃ D−∪D+.
In this case the summand SD vanishes and (18) yields
θ˜(F ′) =
∑
ρ∈D−∪D+
θρh
′(ρ) = θ(F ′), for all F ′ ⊂ F .
For comparing θ to θ˜, we consider θ˜ = θ˜D when the finite subset D ⊂ IrrG
varies. We obtain the following error terms:
Proposition 3.7. If D˜ ⊃ D, then for any G–equivariant coherent subsheaf F ′ of
a (G, h)–constellation F we have
|θ˜D˜(F
′)− θ˜D(F
′)| ≤
∑
τ∈D˜\D
(
θτh(τ) +
SD˜
d˜
)
,
where SD˜ is defined by (16) and d˜ := #(D˜ ∩D+). Further, we have
|θ(F ′)− θ˜D(F
′)| ≤
∑
τ∈IrrG\D
θτh(τ).
Proof. Using (18), we write
θ˜D(F
′) =
∑
ρ∈D−
θρh
′(ρ) +
∑
σ∈D∩D+
θσh
′(σ) +
SD
d
∑
σ∈D∩D+
h′(σ)
h(σ)
and
θ˜D˜(F
′) =
∑
ρ∈D−
θρh
′(ρ) +
∑
σ∈D˜∩D+
θσh
′(σ) +
SD˜
d˜
∑
σ∈D˜∩D+
h′(σ)
h(σ)
.
In [Bec11b, Proposition 4.3.3], the determination of their difference is carried out:
θ˜D˜(F
′)− θ˜D(F
′) =
∑
τ∈(D˜\D)∩D+
(
θτh(τ) +
SD˜
d˜
)h′(τ)
h(τ)
−
1
d
∑
σ∈D∩D+
h′(σ)
h(σ)


−
1
d

 ∑
(D˜\D)∩D0
SD˜
d˜



 ∑
σ∈D∩D+
h′(σ)
h(σ)

 .
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Further, for every τ ∈ D− ∪D+ we have 0 ≤
h′(τ)
h(τ) ≤ 1, so it follows∣∣∣h′(τ)h(τ) − 1d∑σ∈D∩D+ h′(σ)h(σ)
∣∣∣ ≤ 1. We deduce
|θ˜D˜(F
′)− θ˜D(F
′)| ≤
∑
τ∈(D˜\D)∩D+
∣∣∣∣θτh(τ) + SD˜
d˜
∣∣∣∣+ ∑
τ∈(D˜\D)∩D0
∣∣∣∣SD˜
d˜
∣∣∣∣
=
∑
τ∈(D˜\D)
(
θτh(τ) +
SD˜
d˜
)
.
A similar computation gives the second upper bound. 
The set D = {D ⊂ IrrG | D ⊃ D−} is directed with respect to inclusion. In this
sense, we can take the limit over these sets. This allows us to reveal the relation
between θ and θ˜:
Corollary 3.8. The function θ is the pointwise limit of the functions θ˜D as D
converges to IrrG:
θ(F ′) = lim
D∈D
θ˜D(F
′), for all F ′ ⊂ F .
Proof. Since θ(F) =
∑
τ∈IrrG θτh(τ) is convergent, the sum
∑
τ∈IrrG\D θτh(τ) con-
verges to 0 when D becomes larger. Then the result follows from the second in-
equality of Proposition 3.7. 
In general, equality will only hold in the limit, but not for finite D. We use this
corollary in the next proposition to show that every θ–stable (G, h)–constellation
is also θ˜–stable.
Proposition 3.9. There is a finite subset D ⊂ IrrG such that the following holds:
If F is a θ–stable (G, h)–constellation and F ′ a non-zero proper G–equivariant
subsheaf of F generated in D−, then for every finite set D˜ containing D we have
θ˜D˜(F
′) > 0.
Proof. By Proposition 1.9, the set
{θ(F ′′) | F ′′ ⊂ F a non-zero proper G–equivariant subsheaf generated in D−}
is finite. Let θ0 > 0 be its minimum. If we fix ε > 0, by Corollary 3.8 there is a
subset D = D(ε) ⊂ IrrG such that |θ(F ′) − θ˜D˜(F
′)| < ε for every D˜ ⊃ D. Now if
we choose ε < θ0, we obtain D = D(ε) such that for every D˜ ⊃ D we have
θ˜D˜(F
′) > θ(F ′)− ε ≥ θ0 − ε > 0.

Now we summarize:
Theorem 3.10. Let θ ∈ QIrrG be a stability condition on the set of (G, h)–con-
stellations on X with D− finite and 〈θ, h〉 = 0, and let κ and χ be defined as in (17).
For H :=
⊕
ρ∈D−
C
h(ρ) ⊗
C
Vρ ⊗C OX let us consider the invariant Quot scheme
QuotG(H, h) and the ample line bundle L =
⊗
σ∈D(detUσ)
κσ on QuotG(H, h)
with D ⊂ IrrG large enough in the sense of Proposition 3.9. Let the natural Γ–
linearization on L be twisted by the character χ. For F ′ ∈ CohG(X) let us set
θ˜(F ′) =
∑
ρ∈D−
(
κρ+χρ−
κ(F)
dimA
)
h′(ρ) +
∑
σ∈D\D−
κσh
′(σ). With these choices of
D, κ, χ and θ˜, every θ–stable (G, h)–constellation is θ˜–stable and hence GIT–stable.
Proof. This is a direct consequence of Proposition 3.9 and Theorem 3.5. 
On the level of functors, we obtain the following:
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Corollary 3.11. With the same notation and choices as in Theorem 3.10, the
moduli functor Mθ(X) of θ–stable (G, h)–constellations on X is a subfunctor of
the moduli functor Mχ,κ(X) of GIT–stable (G, h)–constellations on X.
Remark 3.12. Even if we will not use this fact in the sequel, it is worth noticing
that θ˜–semistability implies θ–semistability. Indeed, if there exists D such that
for every D ⊂ D′ we have F is θ˜D′–semistable, then it follows from Corollary
3.8 that F is also θ–semistable. Therefore the moduli functor Mχ,κ(X) of GIT–
semistable (G, h)–constellations on X is a subfunctor of the moduli functorMθ(X)
of θ–semistable (G, h)–constellations on X .
4. The moduli space of θ–stable (G, h)–constellations
In this section, we use the notation and assumptions of Theorem 3.10. The
preceding sections leave us with the following situation: We have
QuotG(H, h)ss :=
{
[q : H։ F ] ∈ QuotG(H, h)
∣∣[q] is GIT–semistable} ,
QuotG(H, h)s :=
{
[q : H։ F ] ∈ QuotG(H, h)
∣∣[q] is GIT–stable} ,
QuotG(H, h)ssθ :=
{
[q : H։ F ] ∈ QuotG(H, h)
∣∣∣∣ F is θ–semistable and[q] originates from F
}
,
QuotG(H, h)sθ :=
{
[q : H։ F ] ∈ QuotG(H, h)
∣∣∣∣ F is θ–stable and[q] originates from F
}
and set-theoretic inclusions
QuotG(H, h)sθ ⊂ Quot
G(H, h)s ⊂ QuotG(H, h)ss ⊂ QuotG(H, h)ssθ .
Forgetting the choice of the particular quotient map, this yields inclusions{
θ–stable
(G,h)–constellations
}
⊂
{
GIT–stable
(G,h)–constellations
}
⊂
{
GIT–semistable
(G,h)–constellations
}
⊂
{
θ–semistable
(G,h)–constellations
}
.
On the level of functors this translates into a sequence
Mθ(X) ⊂Mχ,κ(X) ⊂Mχ,κ(X) ⊂Mθ(X).
On the level of schemes we show that QuotG(H, h)sθ is an open subscheme of
QuotG(H, h)s in Section 4.1
In Section 4.2 we prove that Mχ,κ(X), Mχ,κ(X) and Mθ(X) are corepre-
sented by the categorical quotient QuotG(H, h)ss//LχΓ, the geometric quotient
QuotG(H, h)s/Γ and the geometric quotient Mθ(X) := Quot
G(H, h)sθ/Γ, respec-
tively. Thus we obtain
QuotG(H, h)sθ


⊂ QuotG(H, h)s


⊂ QuotG(H, h)ss


Mθ(X) ⊂ Quot
G(H, h)s/Γ ⊂ QuotG(H, h)ss//LχΓ.
We deduce that Mθ(X), the moduli space of θ–stable (G, h)–constellations, is an
open subscheme of QuotG(H, h)s/Γ and is therefore quasiprojective. It generalizes
the invariant Hilbert scheme as we have shown in Section 1.3.
In Section 4.3, under the extra assumption that h(ρ0) = 1, we conclude the
construction of Mθ(X) as a moduli space over the quotient X//G: we construct a
morphism Mθ(X)→ X//G generalizing the Hilbert–Chow morphism.
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4.1. Openness of θ–stability. In this section we prove that QuotG(H, h)sθ is an
open subscheme of QuotG(H, h)s.
Proposition 4.1. Being θ–(semi)stable is an open property in flat families of
(G, h)–constellations.
Proof. We proceed analogously to [HL10, Proposition 2.3.1]. Let f : X → S be a
family of affine G–schemes and F a flat family of (G, h)–constellations on X . Let
H :=
{
h′′ a Hilbert function
∣∣∣∣ ∃ s ∈ S and a surjection α(s) : F (s)→ F ′′with kerα(s) generated in D− and hF ′′ = h′′
}
,
Hss := {h′′ ∈ H | 〈θ, h′′〉 > 0},
Hs := {h′′ ∈ H | 〈θ, h′′〉 ≥ 0}.
By Proposition 1.9 and Remark 1.5, H is finite. For each Hilbert function h′′ in
H we consider the relative invariant Quot scheme πh′′ : Quot
G
X/S(F , h
′′)→ S with
fibres QuotG(F (s), h′′) over s ∈ S. Since the multiplicities of the F (s) are finite,
the map πh′′ is projective by [Bec11b, Proposition B.5]. Thus its image is a closed
subset of S. Remark 1.5 says that F (s) is θ–(semi)stable if and only if the Hilbert
function h′′ of every strict quotient of F (s) satisfies 〈θ, h′′〉≤
( )
0. Accordingly, F (s)
is θ–(semi)stable if and only if s is not contained in the finite, hence closed, union⋃
h′′∈H(s)s im(πh′′ ). 
Corollary 4.2. QuotG(H, h)sθ is an open subscheme of Quot
G(H, h)s.
Proof. Let
F ∈ QuotG(H, h)
(
QuotG(H, h)
)
be the universal family over QuotG(H, h), so that the fibre F (F) equals F . Since
by Proposition 4.1 the property of being θ–stable is open in flat families, the set
Ξ := {[q : H։ F ] ∈ QuotG(H, h) | F (F) is θ–stable}
is open in QuotG(H, h). On the other hand, by Theorem 3.10 we know that
QuotG(H, h)sθ = Ξ ∩Quot
G(H, h)s, whence the result. 
Since QuotG(H, h)sθ is an open subscheme of Quot
G(H, h), it is a quasiprojective
scheme.
4.2. Corepresentability. Let R := QuotG(H, h)ss, Rs := QuotG(H, h)s and Rsθ :=
QuotG(H, h)sθ be the open subschemes of Quot
G(H, h) corresponding to GIT–
semistable, GIT–stable and θ–stable quotients of H, respectively. For elements
[q : H ։ F ] ∈ QuotG(H, h), the sheaf F = q(H) = q(
⊕
ρ∈D−
Aρ ⊗C Vρ ⊗C OX)
is automatically generated in D−. Moreover, for [q : H ։ F ] ∈ R the maps
ϕρ : Aρ → Fρ, a 7→ (v 7→ q(a ⊗ v ⊗ 1)) are isomorphisms for every ρ ∈ D− by
Lemma 3.1 and since the inequality χρ <
κ(F)
dimA holds. As presented in Subsection
2.2.2, the choice of these isomorphisms is described by the action of the group Γ
defined by (7), which acts (with finite stabilizers) on QuotG(H, h) from the right
by left multiplication on the components of H. The subsets R and Rs are invariant
under this action, and the same holds for Rsθ since the action of an element in Γ
does not change F .
Here comes the main result of this paper:
Theorem 4.3. With the notation above, the functors Mχ,κ(X), Mχ,κ(X) and
Mθ(X) of Definition 1.6 and Definition 3.2 are corepresented by the categorical
quotient R//LχΓ, the geometric quotient R
s/Γ and the geometric quotient Rsθ/Γ,
respectively.
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Proof. We proceed analogously to [HL10, Lemma 4.3.1].
The quotients by Γ and Γ′ =
∏
ρ∈D−
Gl(Aρ) coincide since multiples of the identity
act trivially. Hence we can consider the action of Γ′ instead of the one of Γ in the
sequel. Let S be a noetherian scheme over C and F a flat family of (G, h)–con-
stellations generated in D− which is parametrized by S, so that for every s ∈ S the
fibre F (s) is a (G, h)–constellation on X. Let p : X ×S → S denote the projection.
We look at the isotypic decomposition
p∗F ∼=
⊕
ρ∈IrrG
Fρ ⊗C Vρ.
The conditions that G is reductive, p is affine and F is flat over S yield that the
Fρ are locally free OS–modules of rank h(ρ) and that we have (Fρ)(s) = F (s)ρ.
We define the OS–submodule
(19) V −
F
:=
⊕
ρ∈D−
(p∗F )(ρ) =
⊕
ρ∈D−
Fρ ⊗C Vρ ⊂ p∗F .
The pullback of the inclusion i : V −
F
→֒ p∗F composed with the natural surjection
α : p∗p∗F ։ F corresponding to the identity under the adjunction
Hom(p∗p∗F ,F ) ∼= Hom(p∗F , p∗F ) yields a morphism
ϕF := α ◦ p
∗i : p∗V −
F
→ F .
Fiberwise, ϕF (s) : (p
∗V −
F
)(s)⊗
C
OX → F (s) is surjective since each F (s) is gen-
erated in D− as an OX–module. So ϕF is also surjective.
Let AV :=
⊕
ρ∈D−
Aρ ⊗C Vρ and π : I(F ) := IsomG(AV ⊗C OS , V
−
F
) → S the
G–equivariant frame bundle associated to V −
F
as described in [Bec11b, Appendix
A]. It parametrizes G–equivariant isomorphisms AV ⊗C OS → V
−
F
and gives us a
canonical morphism α : AV ⊗C O
I(F) → π
∗V −
F
.
Now we consider the product πX := idX ×π : X × I(F ) → X × S and the
universal trivialization α⊗
C
idX : AV ⊗C OX×I(F) = H⊗C OI(F) → (p ◦ πX)
∗V −
F
on X × I(F ). Thus we obtain a canonically defined quotient
[π∗XϕF ◦ (idX ⊗Cα) : H⊗C OI(F) → π
∗
Xp
∗V −
F
→ π∗XF ] ∈ Quot
G(H, h)(I(F )),
which in turn yields a classifying morphism
φF : I(F ) −→ Quot
G(H, h), ψ 7−→ [qψ : H։ (π
∗
XF )(ψ) = F (π(ψ))].
As for the Quot scheme, the gauge group Γ′ acts on I(F ) from the right. Here,
π : I(F )→ S is even a principal Γ′–bundle. By construction, φF is Γ
′–equivariant
and we have φ−1
F
(R) = π−1(Sss), where Sss = {s ∈ S | F (s) GIT–semistable}.
If S parametrizes GIT–semistable sheaves, we even have φ−1
F
(R) = π−1(S) =
I(F ), hence φF (I(F )) = φF (φ
−1
F
(R)) ⊂ R. This means that in fact we have
φF : I(F )→ R. This morphism induces a transformation of functors
I(F )/Γ′ → R/Γ′.
Since π : I(F )→ S is a principal Γ′–bundle, S is a categorical quotient of I(F ), so
that we obtain an element in (R/Γ′)(S). Thus we have constructed a transformation
Mχ,κ(X)→ R/Γ
′.
Denoting pR : X × R → R, the universal family [q : p
∗
RH ։ U ] on R yields an
inverse by mapping the classifying morphism (ξ : S → R) ∈ (R/Γ′)(S) to the family
(idX ×ξ)
∗U ∈Mχ,κ(X)(S).
Altogether this means that a scheme M corepresents Mχ,κ(X) if and only if it
corepresents R/Γ′, hence if and only if it is a categorical quotient of R by Γ′.
The same proof literally goes through replacing GIT–semistability by GIT–sta-
bility and R and Mχ,κ(X) by R
s and Mχ,κ(X), respectively, as well as replacing
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GIT–semistability by θ–stability and R and Mχ,κ(X) by R
s
θ and Mθ(X), respec-
tively. Finally, Rs/Γ′ = Rs/Γ is even a geometric quotient, and Rsθ is a Γ
′-invariant
(open) subset of Rs, hence Rsθ/Γ
′ = Rsθ/Γ is also a geometric quotient. 
Definition 4.4. The scheme Mθ(X) := Quot
G(H, h)sθ/Γ is called the moduli space
of θ–stable (G, h)–constellations. We denote by Mθ(X) the closure of Mθ(X) in
QuotG(H, h)ss//LχΓ.
By [MFK94, §0.2 (4)], the quotient map ν : QuotG(H, h)s → QuotG(H, h)s/Γ
is open. Thus, by Corollary 4.2, the image Mθ(X) = ν(Quot
G(H, h)sθ) is open in
QuotG(H, h)s/Γ; in particular Mθ(X) and Mθ(X) are quasiprojective schemes.
Remark 4.5. In Section 1.3 we have already seen that if h(ρ0) = 1 and if θ is chosen
such that D− = {ρ0} we recover the invariant Hilbert scheme:
Mθ(X) = Hilb
G
h (X).
4.3. The map to the quotient X//G. As before, letH =
⊕
ρ∈D−
Aρ⊗CVρ⊗COX
and h : IrrG → N a Hilbert function. For the invariant Quot scheme, Jansou
[Jan06, §1.4] constructed an analogue of the Hilbert–Chow morphism
γ : QuotG(H, h) −→ Quot(HG, h(ρ0)), [q : H։ F ] 7−→ [q|HG : H
G
։ FG].
In the case where h(ρ0) = 1, we show how γ induces a morphism Mθ(X)→ X//G.
Theorem 4.6. If h(ρ0) = 1, there is a morphism Quot
G(H, h)ss → X//G, which
yields a morphism
η : Mθ(X)→ X//G, F 7→ suppF
G.
Proof. Let S be a noetherian scheme over C and [q : π∗H ։ F ] an element of
QuotG(H, h)ss(S), where π : X×S → X . Then we have γS(q) : OS ⊗CH
G → FG.
Since every fibre q(s) is GIT–semistable, the morphism ϕρ0 : Aρ0 → F
G(s) defined
in (12) is an isomorphism for every s ∈ S. Hence γS(q) restricted to the subset
OS ⊗CO
G
X
∼= OS ⊗CAρ0 ⊗CO
G
X of OS ⊗CH
G maps surjectively to FG. Consider
the composite morphism
ψ : OS
id⊗1
−−−→ OS ⊗C O
G
X ։ F
G.
If ψ(s) : OS(s) → F
G(s) were 0 for some s ∈ S, the map OS ⊗C O
G
X → F
G
would not be surjective on the fibre FG(s), so this cannot happen. Thus ψ is
nowhere 0. The OS–modules OS and F
G are both locally free of rank 1, so ψ is
an isomorphism. This shows that FG corresponds to a subscheme Z ⊂ S ×X//G.
With the notation
Z 
 i
//
p
∼=
$$■
■■
■■
■■
■■
■■
S ×X//G
pr2
//

X//G
S
we obtain a morphism
pr2 ◦ i ◦ p
−1 : S → X//G.
This procedure is compatible with base change, so we have constructed a morphism
of functors
QuotG(H, h)ss → Mor(·, X//G).
Plugging in QuotG(H, h)ss, this gives a morphism of schemes
η : QuotG(H, h)ss → X//G.
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By construction, for a point [q : H ։ F ] ∈ QuotG(H, h)ss the subscheme of X//G
corresponding to FG = OGX/IF is just its support
suppFG = {p ∈ OGX | p ⊃ IF} =
{√
IF
}
.
It only consists of one point since dimFG = h(ρ0) = 1.
As FG does not depend on the choice of a basis of H, the morphism η is Γ–in-
variant. Hence it descends to QuotG(H, h)ss//LχΓ. Restricting it to Mθ(X) we
eventually obtain a morphism
η : Mθ(X)→ X//G, F 7→ suppF
G.

Remark 4.7. Under the conditions of the theorem, the restricted morphism
QuotG(H, h)s → X//G descends to QuotG(H, h)s/Γ and its restriction to Mθ(X)
yields η : Mθ(X)→ X//G, F 7→ suppF
G in the same way.
Thus when h(ρ0) = 1 we have constructed an analogue of the Hilbert–Chow
morphism forMθ(X) andMθ(X), which relates these moduli spaces to the quotient
X//G.
5. Outlook
In this paper we have constructed the moduli space Mθ(X) of θ–stable (G, h)–
constellations and, when h(ρ0) = 1 for ρ0 the trivial representation, a morphism
η : Mθ(X)→ X//G. Examples of these moduli spaces are given by invariant Hilbert
schemes. The determination of further examples would be interesting in order to
get an idea of the properties of these moduli spaces, e.g. concerning smoothness,
connectedness and, for symplectic varieties X//G, symplecticity of Mθ(X). More-
over, some questions concerning the closure of Mθ(X) and the properties of η still
have to be investigated.
Here we discuss some ideas which are worth pursuing in the future.
5.1. The geometric meaning of points inMθ(X). We defined the moduli space
Mθ(X) as the closure of Mθ(X) in the categorical quotient Quot
G(H, h)ss//LχΓ
without explicitly describing its elements geometrically. A natural question is
Question 5.1. Does the scheme Mθ(X) corepresent the moduli functor Mθ(X) of
θ–semistable (G, h)–constellations?
First of all, one has to face the question if every θ–semistable (G, h)–constellation
is also GIT–semistable. Secondly, it would be interesting to determine the values of
θ for which the notions of θ–stability and θ–semistability coincide. In this case we
obtainMθ(X) =Mθ(X). For example this is true for the invariant Hilbert scheme:
Since h(ρ0) = 1, a (G, h)–constellation has no non-zero proper subsheaf generated
in D−. Hence every θ–semistable (G, h)–constellation is θ–stable.
In the construction of Craw and Ishii [CI04] and King [Kin94] the stability condi-
tion θ only consists of finitely many components. In their case, θ–semistability and
GIT–semistability are even equivalent, as well as θ–stability and GIT–stability. It
would be interesting to know if this also holds in our case. With regard to Theorem
3.5 this question is equivalent to the following one:
Question 5.2. Let F be a (G, h)–constellation and F ′ a G–equivariant coherent
subsheaf of F , both generated in D−. Choose θ ∈ Q
IrrG with θ(F) = 0 and let θ˜ be
as in Definition 3.3 with values (17) of χ and κ. In this setting, do we have
θ(F ′)≥
( )
0 ⇐⇒ θ˜(F ′)≥
( )
0 ?
If not, are there additional assumptions on θ under which this equivalence holds?
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The fact that this is so hard to decide indicates that the passage from finite to
infinite groups is a profound issue.
5.2. Theory of Hilbert functions. Regarding Proposition 1.9, it seems that one
has to study the properties of Hilbert functions extensively to answer Question 5.2.
In particular, one should consider the following questions:
Question 5.3. Let h : IrrG→ N0 be the Hilbert function of some G–module such
that h is determined by the values h(ρ) for ρ in some finite subset D− ⊂ IrrG.
(1) Which kinds of functions are possible for h?
(2) Let h′ : IrrG → N0 be a function determined by the h
′(ρ) for ρ in D−
and h′(ρ) ≤ h(ρ) for every ρ ∈ IrrG. If h′ occurs as a Hilbert function of
a G–equivariant coherent subsheaf of a (G, h)–constellation, what are the
possible values of h′?
5.3. Resolution of singularities. The original purpose of our construction of
Mθ(X) was the search for resolutions of singularities, especially in the symplectic
setting. Therefore, one would have to investigate the following:
Question 5.4. Is Mθ(X) or Mθ(X) smooth or does there exist a smooth connected
component?
Question 5.5. Assume h(ρ0) = 1. Is η : Mθ(X)→ X//G projective?
Further, we want to know:
Question 5.6. Assume h(ρ0) = 1. Is the map η : Mθ(X)→ X//G or its restriction
to a smooth connected component a resolution of singularities? If this is the case
and if X//G is a symplectic variety, is η even a symplectic resolution?
Conversely, inspired by the situation for finite G examined in [CI04], we can ask:
Question 5.7.
(1) Is every crepant resolution of singularities of X//G a component of some
moduli space of θ–stable (G, h)–constellations Mθ(X) for an appropriate
choice of θ?
(2) What is the relation between the spaces Mθ(X) for different choices of θ?
For example, is there a chamber structure in the space QIrrG such that if
θ′ is in an adjacent wall of the chamber of θ, then there exists a morphism
Mθ(X)→Mθ′(X)?
In particular, consider the action of Sl2 on (C
2)⊕6 and its restriction to the zero
fibre µ−1(0) of the moment map. In [Bec10] we determined the symplectic variety
µ−1(0)//Sl2 to be a nilpotent orbit closure and we found two symplectic resolu-
tions of singularities, namely the cotangent bundle T ∗P3 and its dual (T ∗P3)∗. In
[Bec11a] we showed that these are dominated by a non–symplectic resolution, given
by an invariant Hilbert scheme:
Sl2 -Hilb(µ
−1(0))
ww♦♦
♦♦
♦♦
♦♦
♦♦
♦

''P
PP
PP
PP
PP
PP
P
T ∗P3
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖ (T
∗
P
3)∗
ww♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
µ−1(0)//Sl2
We have Sl2 -Hilb(µ
−1(0)) =Mθ(X) for θ ∈ Q
IrrG such that θρ0 is the only negative
value. We would like to find out if the same is true for the symplectic resolutions:
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Question 5.8. Are the symplectic resolutions T ∗P3 and (T ∗P3)∗ also of the form
Mθ(X) and if so, which is the correct choice for θ?
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ERRATUM TO
”MODULI SPACES OF (G, h)–CONSTELLATIONS”,
TRANSFORMATION GROUPS 20 (2015), 335–366
TANJA BECKER AND RONAN TERPEREAU
Several numerical values given in [BT15, §3.3] are incorrect and should be re-
placed by the numerical values given in this erratum. More precisely, in [BT15,
§3.3] we need to assume that D+ is infinite and to change the definition of the
character χ and the weights κρ (as well the ρ ∈ IrrG for which they are defined)
for the proof of Proposition 3.7 to be correct.
Let us note that, with these corrections, Remark 3.6 of the original paper becomes
irrelevant and should be removed. For the sake of simplicity, we rewrote completely
the part of the original text where changes have to be made and we added some
extra explanations. The changes we make in this erratum have no impact outside
[BT15, §3.3].
To compare θ and θ˜ we make the following approach for choosing the character
χ and the weights κρ in the definition of our ample line bundle L :
(17)


κρ ∈ Q>0 arbitrary for ρ ∈ D ∩D−,
κρ = θρ +
SD
d·h(ρ) for ρ ∈ D \D−,
χρ = θρ − κρ +
κ(F)
dimA for ρ ∈ D−,
where d := #(D \D−) is the number of non-zero summands in the second sum in
the definition of θ˜. Moreover if h(ρ) = 0, then ρ plays no role in the embedding
of the Quot scheme given by (5) and thus we can assume that h(ρ) 6= 0 for every
ρ ∈ D \D−. Also, we should from now on assume that D+ is infinite, therefore we
always have SD > 0. It is a natural assumption, because if we were working with
D−∪D+ finite, then θ(F
′) would be a finite sum and thus we would have considered
another definition for the θ-(semi)stability; namely the one considered by Craw and
Ishii where we ask for every subsheaf F ′ (and not only those generated in D−) that
θ(F ′)≥
( )
θ(F) = 0. The condition θ(F) = 0 implies SD = −
∑
σ∈D θσh(σ) ∈ Q, so
κρ ∈ Q. Since D ⊃ D− and D+ is infinite, the inequality SD > 0 holds, and thus
κρ > 0 for all ρ ∈ D.
Let us also note the following facts substantiating why the choice (17) for χ and
κ is natural:
• Since θρ < 0 and κρ > 0 for every ρ ∈ D−, we automatically have
χρ = θρ − κρ +
κ(F)
dimA
<
κ(F)
dimA
,
so the prerequisites of Lemma 3.1 and Theorem 3.5 are always satisfied.
• One easily calculates
∑
ρ∈D−
χρh(ρ) = θ(F), and thus if F is θ–semistable
we obtain
∑
ρ∈D−
χρh(ρ) = 0.
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• Let F be a (G, h)–constellation. For any G–equivariant coherent subsheaf
F ′ of F , plugging in (17) in Definition 3.3 gives
(18) θ˜(F ′) =
∑
ρ∈D
θρh
′(ρ) +
SD
d
∑
σ∈D\D−
h′(σ)
h(σ)
,
in particular θ˜(F) = θ(F).
For comparing θ to θ˜, we consider θ˜ = θ˜D when the finite subset D ⊂ IrrG
varies. We obtain the following error terms:
Proposition 3.7. If D˜ ⊃ D, then for any G–equivariant coherent subsheaf F ′ of
a (G, h)–constellation F we have
|θ˜
D˜
(F ′)− θ˜D(F
′)| ≤
∑
τ∈D˜\D
(
θτh(τ) +
S
D˜
d˜
)
,
where S
D˜
is defined by (16) and d˜ := #(D˜ ∩D+). Further, we have
|θ(F ′)− θ˜D(F
′)| ≤
∑
τ∈IrrG\D
θτh(τ).
Proof. Using (18), we write
θ˜D(F
′) =
∑
ρ∈D−
θρh
′(ρ) +
∑
σ∈D\D−
θσh
′(σ) +
SD
d
∑
σ∈D∩D+
h′(σ)
h(σ)
and
θ˜
D˜
(F ′) =
∑
ρ∈D−
θρh
′(ρ) +
∑
σ∈D˜\D−
θσh
′(σ) +
S
D˜
d˜
∑
σ∈D˜∩D+
h′(σ)
h(σ)
.
In [Bec11b, Proposition 4.3.3], the determination of their difference is carried out:
θ˜
D˜
(F ′)− θ˜D(F
′) =
∑
τ∈D˜\D
(
θτh(τ) +
S
D˜
d˜
)h′(τ)
h(τ)
−
1
d
∑
σ∈D\D−
h′(σ)
h(σ)


Further, for every τ ∈ IrrG such that h(τ) 6= 0 (and we assumed it was always
the case when τ ∈ D˜ \D) we have 0 ≤ h
′(τ)
h(τ) ≤ 1, so it follows∣∣∣h′(τ)h(τ) − 1d∑σ∈D\D− h′(σ)h(σ)
∣∣∣ ≤ 1. We deduce
|θ˜
D˜
(F ′)− θ˜D(F
′)| ≤
∑
τ∈D˜\D
∣∣∣∣θτh(τ) + SD˜
d˜
∣∣∣∣
=
∑
τ∈(D˜\D)
(
θτh(τ) +
S
D˜
d˜
)
.
A similar computation gives the second upper bound. 
The set D = {D ⊂ IrrG | D ⊃ D−} is directed with respect to inclusion. In this
sense, we can take the limit over these sets. This allows us to reveal the relation
between θ and θ˜:
Corollary 3.8. The function θ is the pointwise limit of the functions θ˜D as D
converges to IrrG (here it would be more correct to say: as D converges to supph∪
D− since we said earlier that we were assuming h(ρ) 6= 0 when ρ ∈ D \ D−, but
this abuse is without any consequences in the following):
θ(F ′) = lim
D∈D
θ˜D(F
′), for all F ′ ⊂ F .
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Proof. Since θ(F) =
∑
τ∈IrrG θτh(τ) is convergent, the sum
∑
τ∈IrrG\D θτh(τ) con-
verges to 0 when D becomes larger. Then the result follows from the second in-
equality of Proposition 3.7. 
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